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Abstract
Let X,F, X ⊆ F, be non-trivial Fitting classes of finite soluble groups such that GX is an
X-injector of G for all G ∈ F. Then X is said to be normal in F (F-normal). We show that for a
subgroup-closed Fitting class X the collection of all subgroup-closed Fitting classes in which X is
normal forms a complete, distributive and atomic lattice. Moreover, X is determined uniquely by
the unique maximal subgroup-closed Fitting class in which X is normal, and in many cases there is
an algorithm to describe this class explicitly. Further we show that if F is a subgroup-closed Fitting
class such that a unique minimal subgroup-closed F-normal Fitting class exists, the collection of all
subgroup-closed F-normal Fitting classes also forms a complete distributive lattice which in addition
is dual atomic if F is of bounded nilpotent length.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
The concept of normal Fitting classes—non-trivial Fitting classes X ⊆ S whose
injectors are normal in G for every finite and soluble group G—was introduced in 1970 by
Blessenohl and Gaschütz and can be generalized in the following way: Let X,F, X ⊆ F,
be non-trivial Fitting classes of finite soluble groups. Then X is said to be normal in F
(F-normal) if an X-injector of G is a normal subgroup of G for every G ∈ F. In the present
paper we confine ourselves to the investigation of local normality in the case that both
classes under consideration are subgroup-closed Fitting classes (sF= F), where our main
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interest concerning this relation is in the question on the existence of a unique maximal
subgroup-closed Fitting class in which a given subgroup-closed Fitting class X is normal
and in the dual problem, the question on the existence of a unique minimal subgroup-
closed Fitting class being normal in a given subgroup-closed Fitting class F. Since—as is
well known—subgroup-closed Fitting classes of finite soluble groups are locally defined
formations, and since—as we will see—local normality between subgroup-closed Fitting
classes (possessing some weak additional properties) behaves nicely with respect to the
corresponding canonical local definitions, an affirmative answer to the first question can be
given. Moreover it turns out that X is determined uniquely by this class, that in many
cases—for instance when X is of bounded nilpotent length—there is an algorithm to
describe it, and that the collection of all subgroup-closed Fitting classes in which X is
normal forms a complete, distributive and atomic lattice, whose atoms can be described
explicitly. In investigating the dual class, it is also possible to obtain satisfying results,
although the second question remains open in general. However, we prove that if F is a
subgroup-closed Fitting class such that a smallest F-normal subgroup-closed Fitting class
exists, the collection of all F-normal subgroup-closed Fitting classes forms a complete and
distributive lattice, too, which in addition is dual atomic if F is of bounded nilpotent length.
2. Notation and preliminaries
All groups considered in this paper are assumed to be finite and soluble. Except for de-
noting the regular wreath product of G and H by G H and its base group by G∗, we shall
adhere to the notation used in [8]. This is also the main reference for all results concerning
classes of groups. For the basic facts about lattice theory we refer the reader to [9].
Recall that a class F of groups is called Fitting class if it is closed under taking
subnormal subgroups (SnF= F) and products of normal subgroups (N0F= F). The latter
implies that in each group G there exists a unique normal subgroup being maximal among
all normal subgroups of G contained in F, the so-called F-radical GF of G. By a well-
known result of Fischer, Gaschütz, and Hartley [8, IX, 1.4] Fitting classes of finite soluble
groups are exactly those classes F such that in every (finite soluble) group G there exists a
unique conjugacy class of so-called F-injectors of G, subgroupsU of G such that U ∩N is
F-maximal in N , i.e., maximal among all subgroups of N contained in F, for all subnormal
subgroups N of G. We denote the set of all F-injectors of G by InjF(G).
As usual we use S, Sπ , N, Nπ to denote respectively the class of all (finite soluble)
groups, the class of all (finite soluble) π -groups, the class of all (finite) nilpotent groups
and the class of all (finite) nilpotent π -groups, where π denotes a set of primes.
Recall further that the characteristic Char(F) of a Fitting class F consists of all primes
p such that Zp ∈ F, that this set coincides with the set π(F)=⋃G∈Fπ(G) where π(G)
denotes the set of all prime divisors of |G|, and thatNπ(F) ⊆ F⊆Sπ(F) holds true (cf. [8,
IX, 1.7, 1.9]).
Further we use for a Fitting class F
l(F) :=
{
min
{
r ∈N ∣∣ F⊆Nr} if it exists,
∞ otherwise,
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to denote the nilpotent length of F. (Note that the Fitting class product XY of Fitting
classes X andY denotes the Fitting class consisting of all groups G such that G/GX ∈Y,
and set X0 = (1) the trivial class, and Xi =XXi−1 for i ∈N.)
If F is an N0-closed class of groups such that H  G ∈ F, G/CoreG(H) ∈ N implies
H ∈ F, then F is called Fischer class.
In the treatment of subgroup-closed Fitting classes the following result—due to Bryce
and Cossey (cf. [5, Theorem 1], [7, Theorem 1.1])—is crucial.
Theorem 2.1. A subgroup-closed Fitting class is a saturated formation.
Consequently, if F is a subgroup-closed Fitting class then F= QF= (G | ∃H ∈ X and
an epimorphism from H onto G) and F= R0F= (G | ∃Ni G, G/Ni ∈ X (i = 1, . . . , r)
with N1 ∩ · · · ∩Nr = 1). Moreover, by [8, IV, 4.6] F is a local formation. Thus there exists
a unique map F from P to the union of all classes of groups (including the empty class
which by convention is closed under every closure operation) such that
(1) F=⋂p∈PSp′SpF (p)=⋂p∈π(F)Sp′SpF (p) ∩Sπ(F),
(2) F(p) is a subgroup-closed Fitting class for all p ∈ P,
(3) F is integrated, that is F(p)⊆ F for all p ∈ P,
(4) F is full, that is F(p)=SpF (p) for all p ∈ P
(cf. [8, IV, 3.2, 3.7, 3.16]). F is called the canonical local definition of F. (For example, the
canonical local definition belonging to the classSπ is defined by F(p)=Sπ if p ∈ π and
F(p) = ∅ otherwise, where π denotes a set of primes, and the canonical local definition
belonging to the class N of all nilpotent groups is given by F(p)=Sp for all p ∈ P.)
Observe that the Q-closure of a subgroup-closed Fitting class implies that the Fitting
class product of subgroup-closed Fitting classes F andG is again a subgroup-closed Fitting
class, and recall that by [8, IV, 3.13] the canonical local definition H of FG = ∅ is given
by H(p)= F(p)G if p ∈ π(F) and H(p)=G(p) otherwise, where F and G denotes the
canonical local definition of F and G, respectively. In particular, G(p)=SpG=G for all
primes p satisfyingSpG=G.
Recall further that each map f fulfilling properties (1) and (2) is called a local
definition of F, and that in this situation F is denoted by LF(f ). Further that if F is of
nilpotent length r <∞, then F(p) =Sp(F (p) ∩Nr−1) for all p ∈ P, and f , defined by
f (p)= F(p) ∩Nr−1 for all p ∈ P, is a local definition of F as well (cf. [8, IV, 3.17]). In
this case the class f (p) is a subgroup-closed Fitting class of nilpotent length r − 1 for all
p ∈ P, and therefore it is frequently possible to argue by induction on the nilpotent length
of F.
Moreover, it is often possible to deduce embedding properties of F(p)-injectors from
embedding properties of F-injectors (where p is any prime).
Proposition 2.2. Let X and F be subgroup-closed Fitting classes with corresponding
canonical local definitions X and F , respectively, and let p be a prime such that p ∈
Char(X)∩Char(F). If G ∈ F(p) and W ∈ InjX(Zp G), then W ∩G ∈ InjX(p)(G).
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Proof. G ∈ F(p), thus H =Zp G is contained in SpF (p)= F(p)⊆ F.
W ∈ Injx(p)(Zp G): CH(Z∗p) ∩G = 1 by construction of the regular wreath product,
whence Op′(U) := 1 for all subgroups U of G containing Z∗p . In particular, Op′(W) = 1
and the assertion follows (note that X(p)⊆X=⋂q∈π(X)Sq ′X(q)∩Sπ(X)).
W ∩G ∈ InjX(p)(G): X(p) is a subgroup-closed Fitting class, thus W ∩G ∈X(p). Let
N be a normal subgroup ofG andU an X(p)-subgroup ofN such thatU > (W ∩G)∩N =
W ∩N . Then Z∗pU ∈SpX(p)=X(p) and Z∗pU Z∗pN  Z∗pG. Thus we obtain Z∗pU >
Z∗p(W ∩N)=Z∗pN ∩W , a contradiction. ✷
Definition 2.3. Let X and F be non-trivial Fitting classes, X ⊆ F. Then X is said to be
normal in F (X F, X is F-normal) if an X-injector of G is normal in G (i.e., GX is an
X-maximal subgroup of G) for all G ∈ F.
In investigating locally normal subgroup-closed Fitting classes the following lemma is
particularly useful (cf. [11, 1.2]).
Lemma 2.4. Let X and F be subgroup-closed Fitting classes such that X is normal in F.
Further, let G be a group contained in X and p,q (p = q) be primes such that G Zp ∈X
and G Zq Zp ∈ F. Then G Zq ∈X.
In particular, if G is a subgroup-closed Fitting class such that GSp ⊆ X and
GSpSqSp ⊆ F, then GSpSq ⊆X.
For an arbitrary Fitting class X we use Yn(X) to denote the class of all groups such that
GX is X-maximal in G, and we set Yn(∅)=S.
Lemma 2.5. Let X and F be Fitting classes, F⊆ Yn(X).
(a) FSπ(X)′ ⊆ Yn(X).
(b) Assume that SpX = X for some prime p and further that X is closed under taking
homomorphic images. Then SpF⊆ Yn(X).
Proof. Obvious. ✷
Unfortunately, in general Yn(X) is not closed under forming products of normal
subgroups (cf. [10, 3.2]), and so can fail to be a Fitting class. Thus the following well-
known lemma (see for instance [3, 1.1] and the proof of [4, 7.1]) will be useful in order to
answer the first of the above mentioned questions.
Lemma 2.6. Let X be a Fitting class and F be an Sn-closed class such that F Yn(X). Let
G be a group of minimal order contained in F\Yn(X), and let V ∈ InjX(G).
(a) G has a unique maximal normal subgroup N , VN =G, V ∩N =GX and V/GX ∼=
Zp for a suitable prime p.
(b) Suppose that F is a Fischer class and let K be a normal subgroup of G such that
GX K < N . Then K  NG(V ), N/GX = F(G/GX) is a q-group ( for a suitable
prime q = p) and V = PGX (P ∈ Sylp(G) suitable).
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(c) Suppose that F is a Q-closed Fischer class, and that X is a Fitting formation. Then G
has a unique minimal normal subgroup M , and N/M belongs to X.
In particular, all statements listed above hold provided that X and F are subgroup-closed
Fitting classes.
This detailed knowledge of the structure of a minimal counterexample enables us to
prove the next proposition which is the key to almost all results presented in this paper.
Proposition 2.7. Let X and F be subgroup-closed Fitting classes with corresponding
canonical local definitions X and F . Assume further that π := π(F) ⊆ π(X). Then
F⊆ Yn(X) if and only if F(p)⊆ Yn(X(p)) for all p ∈ π .
Proof. (⇒) Let G be a group contained in F(p) and set H = Zp  G where p denotes
an arbitrary element of π . H ∈SpF (p) = F(p) ⊆ F, thus by assumption, an X-injector
W of H is a normal subgroup of H . On the other hand, Proposition 2.2 yields W ∩G ∈
InjX(p)(G), and the assertion follows.
(⇐) Suppose not and choose a group G of minimal order contained in F\Yn(X).
According to Lemma 2.6, G has a unique maximal and a unique minimal normal
subgroup. In particular, Oq ′(G) = 1 for some suitable prime q ∈ π . Consequently, G ∈
F(q)⊆ Yn(X(q)) and GX =GX(q). Let V be an X-injector of G. Then Oq ′(V ) = 1, for
otherwise, GX(q) < V ∈ X(q); a contradiction. Let p be a prime such that Op(V ) = 1.
Since Op(V ) ∩ GX is a subnormal subgroup of G (and therefore trivial), we obtain
V =Op(V )×GX. This implies Op(V ) CG(GX), and consequently CG(GX)=G (for
otherwise, V is contained in the unique maximal normal subgroup of G; a contradiction).
Since π ⊆ π(X), and therefore F(G)GF, this implies a final contradiction. ✷
Remark 2.8. Proposition 2.7 need not be true for arbitrary subgroup-closed Fitting classes
X and F.
Proof. Set X = Sp and F =Sp′SpSp′ for some prime p and let X and F denote the
corresponding canonical local definitions. Then it is easily seen that F(q)⊆ Yn(X(q)) for
all primes q , but F Yn(X), since Zq Zp ∈ F\Yn(X) for an arbitrary prime q = p. ✷
In order to apply Proposition 2.7 the following lemma will be helpful.
Lemma 2.9. Let X and F be non-trivial Fitting classes such that F = QF ⊆ Yn(X). Set
π(X)= π . Then F⊆ (Sπ ∩ F)Sπ ′ .
Proof. We show that F⊆SπSπ ′ . Suppose the contrary and choose a group G of minimal
order contained in F\SπSπ ′ . Then G has a unique maximal and a unique minimal normal
subgroup and we obtain G ∈SpSq for suitable primes q ∈ π , p ∈ π ′, a contradiction to
F⊆ Yn(X). ✷
In [12] the join FitS(Fi | i ∈ I) of subgroup-closed Fitting classes Fi , i ∈ I , i.e., the
smallest subgroup-closed Fitting class containing Fi for all i ∈ I , has been studied. It
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turned out that this class behaves nicely with respect to intersections and certain extensions,
and we will use these properties frequently.
Theorem 2.10 [12, 3.1]. Let Fi , i ∈ I , Y be subgroup-closed Fitting classes.
(a) YFitS(Fi | i ∈ I)= FitS(YFi | i ∈ I).
(b) FitS(Fi | i ∈ I) ∩Y= FitS(Fi ∩Y | i ∈ I).
(c) FitS(Fi | i ∈ I)Y= FitS(FiY | i ∈ I).
3. The unique maximal subgroup-closed Fitting class contained in Yn(X)
Before presenting a proof of the existence of a unique maximal subgroup-closed Fitting
class in which a given subgroup-closed Fitting class is normal, we need some further
notations.
Definition 3.1. Let X be a subgroup-closed Fitting class. We set
(a) L(n,X) := {F | F subgroup-closed Fitting class, X is normal in F}.
(b) Y(n,X) := FitS(F | F⊆ Yn(X)∩Sπ(X), F subgroup-closed Fitting class).
(c) Y (n,X) := FitS(F | F⊆ Yn(X), F subgroup-closed Fitting class).
Our main result in this section is the following theorem.
Theorem 3.2. Let X be a subgroup-closed Fitting class.
(a) L(n,X) (together with inclusion) forms a complete, distributive and atomic lattice. In
particular, there exists a unique maximal subgroup-closed Fitting class in which X is
normal, namely the class Y (n,X).
Furthermore a subgroup-closed Fitting class H is an atom of L(n,X) if and only if it is
an atom of LX, the lattice of all subgroup-closed Fitting classes containing X.
(b) X is determined uniquely by Y(n,X) and Y (n,X), respectively.
(c) In general, L(n,X) fails to be dual atomic.
Note that by [12, 4.2] the lattice of all subgroup-closed Fitting classes is distributive
and atomic where the atoms are contained in XN⊆ Yn(X). Since obviously the subgroup-
closed Fitting class generated by a given set S of groups coincides with ⋃i∈N(SN0)i(S)
(where (SN0)(S)= S(N0(S)) and (SN0)i(S)= (SN0)(SN0)i−1(S)), it is easily shown that for
all G ∈ FitS(Fi | i ∈ I) there exists a finite set I (G)⊆ I such that G ∈ FitS(Fi | i ∈ I (G)).
Thus in order to prove Theorem 3.2(a) it is sufficient to show that FitS(F1,F2) ⊆ Yn(X)
provided that F1,F2 are subgroup-closed Fitting classes contained in Yn(X).
Proposition 3.3. Let X be a subgroup-closed Fitting class, and let F1 and F2 be subgroup-
closed Fitting classes of bounded nilpotent length. Then FitS(F1,F2) ⊆ Yn(X), provided
that F1,F2 ⊆ Yn(X).
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Proof. We prove the assertion by induction on r := max(l(F1), l(F2)), where the cases
r = 0,1 are trivial. Thus assume that r > 1 and that the assertion holds for r − 1. Set
π = π(X). According to Lemma 2.9 and Theorem 2.10(c), we may assume without
loss of generality that Fi ⊆ Sπ for i = 1,2. Let F1, F2, and X, respectively, be the
canonical local definitions belonging to F1, F2, and X, respectively. Proposition 2.7 yields
Fi(p) ∩Nr−1 ⊆ Yn(X(p)) for i = 1,2 and p ∈ π . By inductive hypothesis this implies
FitS((F1(p) ∩ Nr−1), (F2(p) ∩ Nr−1)) ⊆ Yn(X(p)). Thus, using Theorem 2.10(a) and
Lemma 2.5 we obtainSp FitS(F1(p) ∩Nr−1,F2(p) ∩Nr−1)= FitS(Sp(F1(p) ∩Nr−1),
Sp(F2(p)∩Nr−1)⊆ Yn(X(p)), and the assertion follows by Proposition 2.7. ✷
Corollary 3.4. Let X, F1, and F2 be subgroup-closed Fitting classes. Then FitS(F1,F2)⊆
Yn(X) provided that F1,F2 ⊆ Yn(X).
Proof. Since each group G ∈ FitS(F1,F2) is of finite nilpotent length, we obtain the result
by Proposition 3.3 and Theorem 2.10(b). ✷
Thus the proof of Theorem 3.2(a) is completed andY (n,X) is a subgroup-closed Fitting
class contained in Yn(X).
Using Theorem 2.10 the following properties of Y (n,X) are readily proved.
Remark 3.5. Let X be a subgroup-closed Fitting class.
(a) Y (n,X) =Y(n,X)Sπ ′ .
(b) If SpX=X, thenSpY(n,X) =Y(n,X) andSpY (n,X) =Y (n,X).
(c) π(X)= π(Y(n,X)).
Proposition 3.6. Let F and X be non-trivial subgroup-closed Fitting classes such that
Y(n,X) ⊆Y(n,F) or Y (n,X) ⊆Y (n,F). Then X⊆ F.
In particular,Y(n,F) =Y(n,X)⇔Y (n,F) =Y (n,X)⇔ F=X.
Proof. According to [12, 3.14], X = FitS(Xi | i ∈ I) where each Xi is a product of
Sp’s (for some primes p). Let i be an element of I , and Xi = Sp1 . . .Spr for suitable
primes p1, . . . , pr . By induction on k, k  r , we prove that Xi ⊆ F. k = 1: If Y(n,X) ⊆
Y(n,Y), the definition of Y(n,X) implies that π(X) ⊆ π(F), and consequently that Sp1
is contained in F. Thus, we assume that Y (n,X) ⊆ Y (n,F). Since Zp1  Zq belongs to
XiSq ⊆ XSq ⊆ Y (n,X) ⊆ Y (n,F) for each prime q ∈ π(F), we obtain Sp1 ⊆ F in
this case as well. Thus suppose that k > 1 and that Sp1 . . .Spk−1 ⊆ F. By assumption,
Sp1 . . .SpkSpk−1 ⊆XSpk−1 ⊆Y(n,X) ⊆Y (n,F) and Lemma 2.4 yields the assertion. ✷
Thus a non-trivial subgroup-closed Fitting class X is uniquely determined by Y(n,X)
and Y (n,X), respectively.
Remark 3.7. The converse of Proposition 3.6 does not hold.
S. Reifferscheid / Journal of Algebra 261 (2003) 186–206 193
Proof. Let p1,p2,p3 be pairwise distinct primes. Set X = Sp1 × Sp2 × Sp3 and F =
Sp1Sp2Sp3 . Then X ⊆ F, but evidently, Zp2  Zp1  Zp3 ∈ Y(n,X)\Yn(F), hence neither
Y (n,X) ⊆Y (n,F) norY(n,X) ⊆Y(n,F) . ✷
The class Y(n,X) (and consequentlyY (n,X)) can be described explicitly in terms of the
corresponding canonical local definition.
Proposition 3.8. Let X be a subgroup-closed Fitting class and let X be the corresponding
canonical local definition. Further, set π = π(X), π(p) = π(X(p)), and π˜ = {p ∈ π |
X(p) =X}.
(a) Y(n,X) =⋂p∈π((Sp′Y(n,X(p))Sπ(p)′)∩Sπ).
(b) Y(n,X) =⋂p∈π˜ ((Sp′Y(n,X(p))Sπ(p)′)∩Sπ).
In particular,Y(n,X) is known provided thatY(n,X(p)) is known for all p ∈ π˜ .
Proof. (a) (⊆) Let H be the canonical local definition belonging to Y(n,X). Propo-
sition 2.7 yields H(p) ⊆ Y(n,X(p))Sπ(p)′ for all p ∈ π , and consequently Y(n,X) =⋂
p∈π Sp′H(p)∩Sπ ⊆
⋂
p∈π((Sp′Y(n,X(p))Sπ(p)′)∩Sπ).
(⊇) Suppose the contrary and let G be a group of minimal order contained in⋂
p∈π((Sp′Y(n,X(p))Sπ(p)′) ∩ Sπ)\Yn(X). According to Lemma 2.6, G has a unique
maximal normal subgroup N , and a unique minimal normal subgroup M , and G/N ∼=Zq ,
NV = G, N ∩ V = GX, and M ∈ Sr (where V ∈ InjX(G) and q , r ∈ P suitable).
In particular, Or(G) = 1 and consequently G ∈ Y(n,X(r))Sπ(r)′ ∩ Sπ ⊆ Yn(X(r)) and
GX = GX(r). Thus we obtain Or ′(V ) = 1 and therefore V = Ot(V ) × GX for some
t ∈ P\{r}. This implies CG(GX)=G, a contradiction, and the assertion follows.
(b) Without loss of generality, we assume that π ⊃ π˜ . (⊆) See (a).
(⊇) Assume the contrary and let G be a group of minimal order contained in⋂
p∈π˜ ((Sp′Y(n,X(p))Sπ(p)′) ∩Sπ)\Y(n,X). Evidently, G has a unique maximal normal
subgroup N , and a unique minimal normal subgroup M , and N/M ∈ X, G/N ∼= Zt ,
and M ∈ Sr for suitable primes t , r . In particular, G belongs to SrY(n,X). Let q be
a prime such that q ∈ π\π˜ . We prove that G belongs toSq ′Y(n,X(q))Sπ(q)′ (this implying
G ∈ Y(n,X), a contradiction): If q = r , then SrX(r) = SrX = X, and consequently
G ∈SqY(n,X) =Y(n,X) =Y(n,X(q)) ⊆Sq ′Y(n,X(q))Sπ(q)′ . If q = r , then r ∈ P\{q} and
therefore G ∈Sq ′Y(n,X) =Sq ′Y(n,X(q)) ⊆Sq ′Y(n,X(q))Sπ(q)′ . ✷
As an immediate consequence we obtain the following corollary.
Corollary 3.9. Let F and X be subgroup-closed Fitting classes such that F=SτX where
τ = ∅, P denotes a set of primes. Let X be the canonical local definition belonging to X.
If π(X)= π andY(n,X(p)) is known for all p ∈ π\τ , thenY(n,F) is known.
Example 3.10. (1) Set F =Sπ1 . . .Sπr where π1, . . . , πr are sets of primes. Then using
the description of the canonical local definition of the Fitting class product of subgroup-
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closed Fitting classes, it is easily seen that the canonical local definition of F is given
by F(p) = Sπi(p) . . .Sπr where i(p) = min{i | p ∈ πi} for p ∈ π(F) and F(p) = ∅
otherwise. Since obviouslyYSπ1 =Sπ1 , the classYF can be determined recursively using
Proposition 3.8(b).
(2) Let π be a set of primes and let (πi)i∈I be a partition of π . Then F :=∏i∈I Sπi :=
(G | G = Gi1 × · · · × Gik , Gij ∈ Sπij , ij ∈ I) is called lattice formation belonging
to (πi)i∈I . (This notation refers to the fact that, if π = P, these classes are exactly the
subgroup-closed saturated formations F such that the set of all so-called F-subnormal
subgroups of any group forms a lattice; see [1].)
Since it is easily seen that the canonical local definition of F is given by F(p)=Sπi if
p ∈ πi , and F(p)= ∅ otherwise, by Proposition 3.8(b) we obtain
Y(n,F) =
⋂
i∈I
Sπ ′iSπiSπ ′i ∩Sπ .
In particular,Y(n,N) =⋂p∈PSp′SpSp′ .
(3) In [2] the following classes are considered: To each prime p, let π(p) be a set
of primes containing p such that the following holds: if q ∈ π(p), then π(p) = π(q) or
π(q) = P or π(p) = P. Further set π = {p ∈ P | π(p) = P} and consider the following
equivalence relation on π :
p ∼ q ⇔ π(p)= π(q),
and let πˆ denote a system of representatives. Set F= LF(f ). By [2, Proposition 3.2] the
canonical local definition F of F is given by F(p) =Sπ(p), if π(p) = P, and F(p) = F
otherwise. Thus Proposition 3.8(b) yields
Y(n,F) =
⋂
p∈π
(
Sp′Y
(n,Sπ(p))Sπ(p)′
)= ⋂
p∈πˆ
S(π∩π(p))′Sπ(p)Sπ(p)′.
Note that the class Sp′Sp of all p-nilpotent groups occurs as special case of this
construction.
Proposition 3.11. Let F be a subgroup-closed Fitting class of bounded nilpotent length.
Then there exists an algorithm to describe Y(n,F) (and consequentlyY (n,F)).
Proof. Set π = π(F) and r = l(F). F is known, thus by [8, IV, 3.7] the corresponding
canonical local definition F is known, too. Since F is of bounded nilpotent length,
F(p) = Sp(F (p) ∩ Nr−1). Set π(p) = π(F(p)) and π˜ = {p ∈ π | F(p) = F}, then
Proposition 3.8(b) implies
Y(n,F) =
⋂
p∈π˜
((
Sp′Y
(n,F (p))Sπ(p)′
)∩Sπ ).
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If F(p; ·) denotes the canonical local definition belonging to (F (p) ∩ Nr−1) and
π(p;p1)= π(F(p;p1)) for all p1 ∈ P, then, by Proposition 3.8(b),
Y(n,F (p)) =
⋂
p1∈π(p)\{p}
((
Sp′1Y
F(p;p1)Sπ(p;p1)′
)∩Sπ(p)).
Observe that l(F (p;p1)) < l(F) for all p = p1. Iterating this process, we obtain
a natural number k  r − 1 such that F(p,p1, . . . , pk−1;pk) ⊆N for all pk ∈ P. In this
case, F(p,p1, . . . , pk−1;pk)=Nπ(p,p1,...,pk−1;pk) and consequentlyNF(p,p1,...,pk−1;pk) is
known. ✷
For lattice formations F we give a further description of Y(n,F), which is frequently
easier to handle than the one above.
Definition 3.12. Let π be a set of primes, let (πj )j∈J be a partition of π , and let j1, j2, . . .
be an ordering of J . We define
F({πj |j∈J }) := FitS
(
Fσ
∣∣ σ ∈ Sym(J )),
where Fσ =⋃ji∈J Sπσ(j1) . . .Sπσ(ji ) .
If |πj | = 1 for all j ∈ J , we write Fπ rather than F({πj |j∈J }).
Obviously, X2 ⊆ F({πj |j∈J }) ⊆Sπ where X denotes the lattice formation belonging to
(πj )j∈J .
The following lemma is easily proved using Theorem 2.10.
Lemma 3.13. Let π , σ , τ be sets of primes, π = ∅, and let (πj )j∈J be a partition of π .
Further, assume that σ ∩ π = ∅.
(a) If π˜j = πj ∩ τ , then F({π˜j |j∈J }) ⊆ F({πj |j∈J }).
(b) F({πj |j∈J }) ⊆ F({πj |j∈J }∪{σ }).
(c) If J0 ⊆ J and πJ0 =
⋃
i∈J0 πi , then F
({πj |j∈J }) ∩SπJ0 = F({πj |j∈J0}).
(d) SσF({πj |j∈J }) ⊆ F({πj |j∈J }∪{σ }).
(e) F({πj |j∈J })Sσ ⊆ F({πj |j∈J }∪{σ }).
Proposition 3.14. Let X be a lattice formation belonging to (πj )j∈J . Then
F({πj |j∈J })Sπ ′ =Y (n,X).
Furthermore, if F is a Q-closed Fitting class contained in Yn(X), then F⊆ F({πj |j∈J })Sπ ′ .
In particular, FP is the unique maximal Q-closed Fitting class contained in Yn(N).
Proof. F({πj |j∈J })Sπ ′ = Y (n,X): Evidently, it is sufficient to prove that Y(n,F) =
F({πj |j∈J }) =:H.
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(⊆) Suppose the contrary and let G be a group of minimal order contained inY(n,F)\H.
Then there exists j0 ∈ J such that Oπ ′j0 (G)= 1 and GF =Oπj0 (G) = 1. G ∈ Yn(F), thus
Lemma 3.13(a) yields G ∈Sπj0Sπ ′j0 ∩Sπj0H=Sπj0 (Sπ ′j0 ∩H)⊆Sπj0F
({π˜j |j∈J }) where
π˜j := πj ∩ π ′j0 . Using Lemma 3.13, (c) and (a), we obtain G ∈H, a contradiction.
(⊇) According to Example 3.10(2), Y(n,F) =⋂j∈J Sπ ′jSπjSπ ′j ∩Sπ , and obviously
H is contained in Sπ . Let j be an arbitrary element of J , then by construction Fσ ⊆
Sπ ′jSπjSπ ′j for all σ ∈ Sym(J ). This yields H⊆Sπ ′jSπjSπ ′j and the assertion follows.
Let F be a Q-closed Fitting class contained in Yn(X). Then F ⊆ F({πj |j∈J })Sπ ′ :
according to Lemma 2.9, it is sufficient to show that F ∩Sπ ⊆ F({πj |j∈J }). Suppose that
there is a group G of minimal order contained in (F ∩ Sπ)\F({πj |j∈J }). Then G has
a unique minimal normal subgroup, thus GX = Oπj (G) for a suitable j ∈ J . Since G
belongs to Yn(X), this implies G ∈ Sπj (Sπ ′j ∩ F({πj |j∈J })). Applying Lemma 3.13, we
obtain a final contradiction. ✷
Proposition 3.14 enables us to prove that, in general, there are no dual atoms in L(n,F)
(cf. Theorem 3.2(c)).
Remark 3.15. L(n,F) need not be dual atomic, not even if F is of bounded nilpotent length.
Proof. Set F=N and let p1,p2, . . . be the set of all primes. According to Proposition 3.14,
Y(n,F) = FP = FitS(Fσ | σ ∈ Sym(N)). Let X =Y(n,F) be a class belonging to L(n,F). We
show that there exists an element H of L(n,F) such that X⊂H⊂Y(n,F): X =Y(n,F), thus
there exists an element σ ∈ Sym(N) such that Fσ  X. In particular, Spσ(1) . . .Spσ(i)  X
for some suitable i ∈ N. Set H = FitS(X,Spσ(1) . . .Spσ(i) ). By Corollary 3.4 we obtain
X ⊂ H ∈ L(n,F). H ⊂ Y(n,F): Suppose not. Then Spσ(1) . . .Spσ(i+1) ⊆ H, and by The-
orem 2.10(b) it follows that Spσ(1) . . .Spσ(i+1) = FitS(X ∩ Spσ(1) . . .Spσ(i+1) ,Spσ(1) . . .
Spσ(i)). If X ∩ Spσ(1) . . .Spσ(i+1)  Ni , then [6, 2.6] yields X ∩ Spσ(1) . . .Spσ(i+1) =
Spσ(1) . . .Spσ(i+1) which is a contradiction to the choice of i . Hence we obtain
Spσ(1) . . .Spσ(i+1) ⊆ FitS(X∩Spσ(1) . . .Spσ(i+1) ,Spσ(1) . . .Spσ(i))⊆Ni , a final contradic-
tion. ✷
Using Proposition 3.14, it is possible to obtain results about Y(n,HX) in dependence
on Y(n,X) for a lattice formation X and a subgroup-closed Fitting class H such that
π(H)⊆ π(X). First notice
Lemma 3.16. Let X be a lattice formation belonging to (πj )j∈J , and let G ∈ Yn(X) be
a group satisfying the following two properties:
(i) G has a unique maximal normal subgroup N , and N ∈ F({πj |j∈J }).
(ii) There exists an element j ∈ J such that πj ∩ π(G/N) = ∅ = πj ∩ π(N).
Then G belongs to F({πj |j∈J }).
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Proof. Assume the contrary and choose a group G of minimal order satisfying (i)
and (ii) and belonging to S\F({πj |j∈J }). Further, let j1 be an element of J such that
πj1 ∩ π(G/N) = ∅ = πj1 ∩ π(N).
GX = Oπj0 (G) for a suitable j0 ∈ J : Obviously, there exists j0 ∈ J such that
Oπj0
(G) =: M = 1. If πj1 ∩ π(N/M) = ∅, it follows that G/M ∈ F({πj |j∈J }) by
the minimality of G. If πj1 ∩ π(N/M) = ∅, we obtain G/M ∈ F({πj |j∈J \{j1}})Sπj1 ,
and by Lemma 3.13(e) G/M ∈ F({πj |j∈J }) as well. Assume that there exists another
element j2 ∈ J such that Oπj2 (G) = 1. Then we obtain G ∈ R0F({πj |j∈J }) = F({πj |j∈J }),
a contradiction to the choice of G. Since G ∈ Yn(X), we obtain G ∈ Sπj0 (S′πj0 ∩
F({πj |j∈J }))⊆Sπj0F({πj |j∈J \{j0}}), and thus by Lemma 3.13(d) a final contradiction. ✷
Proposition 3.17. Let π = ∅ be a set of primes, let (πj )j∈J be a partition of π and let X be
the corresponding lattice formation. Further, let H denote a subgroup-closed Fitting class
such that π(H)⊆ π , and n 1 a natural number.
Then HnF({πj |j∈J })Sπ ′ = Y (n,HnX) is the unique maximal Q-closed Fitting class
contained in Yn(HnX).
In particular, NnFP is the unique maximal Q-closed Fitting class contained in
Yn(N
n+1).
Proof. HnF({πj |j∈J })
π ′ Sπ ′ is a Q-closed Fitting class contained in Yn(H
nX): Obviously,
HnF({πj |j∈J })Sπ ′ is a Q-closed Fitting class. Evidently, it is sufficient to prove that
HnX is normal in HnF({πj |j∈J }). Let G be an element of HnF({πj |j∈J }), and V/GHn ∈
InjX(G/GHn). By [8, IX, 1.22] we obtain V ∈ InjHnX(G), and by Proposition 3.14 we are
finished.
Let F = 1 denote a Q-closed Fitting class contained in Yn(HnX). F⊆HnF({πj |j∈J })Sπ ′ :
By Lemma 2.9 the assertion follows from F ∩Sπ ⊆ HnF({πj |j∈J }). Thus, we assume that
F ∩Sπ  HnF({πj |j∈J }), and choose a minimal counterexample G. Then G has a unique
maximal normal subgroup N =G
HnF
({πj |j∈J }) and G/N ∈Sπj1 for some suitable j1 ∈ J .
Suppose that πj1 ∩ π(N/GHn ) = ∅. Then Lemma 3.13(e) yields G/GHn ∈ F({πj |j∈J }),
a contradiction to the choice of G. Thus Lemma 3.16 is applicable, and we obtain a final
contradiction. ✷
Remark 3.18. Proposition 3.17 need not be true for subgroup-closed Fitting classes H of
arbitrary characteristic.
Proof. Let p, q , r be pairwise distinct primes. Then Proposition 3.8(b) implies
Y(n,Sp(Sq×Sr )) =S{p,q}SrS{p,q} ∩S{p,r}SqS{p,r}.
Consequently, Zp Zq Zp Zr is a group belonging toY(n,Sp(Sq×Sr ))\SpY (n,Sq×Sr ).✷
Whether or not Proposition 3.17 holds for arbitrary subgroup-closed Fitting classes X
is an open question. As a weaker statement we obtain
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Proposition 3.19. Let X be a subgroup-closed Fitting class of characteristic π , let (πi)i∈I
be a partition of π and let F denote the corresponding lattice formation. Then
FY (n,X) =Y (n,FX).
In particular,NrπY (n,X) =Y (n,NrπX).
Proof. As usual, it suffices to prove FY(n,X) =Y(n,FX).
(⊆) LetG be a group belonging to FY(n,X). Then (G/GF)X is an X-maximal subgroup
of G/GF, and [8, IX, 1.22] implies the assertion.
(⊇) Suppose the contrary and choose a group G of minimal order contained in
Y(n,FX)\FY(n,X). Since G has a unique minimal normal subgroup, there exists a prime
t such that Ot ′(G) = 1. Let i ∈ I such that t ∈ πi . Let F and X, respectively, denote
the canonical local definitions of F and X, respectively. Then Proposition 3.8(b) implies
Y(n,FX) =⋂q∈π Sq ′Y(n,F (q)X) ∩Sπ =⋂q∈π Sq ′(⋂r∈π\πj (q)Sr ′Y(n,X(r))Sπ(r)′)∩Sπ ,
where π(r) = π(X(r)) and πj (q) = πj such that q ∈ πj . Consequently, we obtain
G ∈Y(n,SπiX) =⋂r∈π\πi Sr ′Y(n,X(r))Sπ(r)′ ∩Sπ .
We prove that G belongs to F(Sπ ′Y(n,X(p))Sπ(p)′) for all p ∈ πi (then Proposi-
tion 3.8 provides a final contradiction): Put {π(i)1, . . . , π(i)n} = {πj | πj ∩ π(G) = ∅}
and assume that π(i)1 = πi ∩ π(G). Noting that Oπi ((G/Oπi (G))) = 1, Proposi-
tion 3.8 implies G/Oπi (G) ∈ (Sπ(i)2 × · · · × Sπ(i)n)(
⋂
q∈π Sq ′Y(n,X(q))Sπ(q)′ ∩Sπ).
Thus, we conclude π(i)2 ∪ · · · ∪ π(i)n ⊆ {p}′ where p ∈ πi ⊆ π . Consequently G ∈
SπiSp′Y
(n,X(p))Sπ(p)′ ⊆ F(Sp′Y(n,X(p))Sπ(p)′). ✷
Whether or not a corresponding result is valid for arbitrary subgroup-closed Fitting
classes or for lattice formations F such that π(F)⊂ π is an open question.
Concluding the investigation onY (n,X) we show that, in general,Y (n,X) is not maximal
among all Fitting classes contained in Yn(X). For this, we need the following construction:
Definition 3.20. Let F1, F2 be Fitting classes and let
π1 =
{
p ∈ P ∣∣ p | |G/GF1 |, G ∈ F2} and π2 = {p ∈ P ∣∣ p | |G/GF2 |, G ∈ F1}.
Further let π be a set of primes containing π1 ∩ π2. Then define
Nπ(F1,F2)= (G |G/GF1GF2 ∈Nπ ).
By [8, IX, 2.1] Nπ(F1,F2) is a Fitting class, which obviously contains F1 and F2.
The next result gives a condition which guarantees that Nπ(F1,F2), and therefore that
Fit(F1,F2)—the Fitting class generated by F1 and F2—is still contained in Yn(X),
provided that F1,F2 ⊆ Yn(X).
Proposition 3.21. Let F1, F2, and X be Fitting classes such that X is normal in Fi for
i = 1,2. Furthermore, let π be a set of primes that satisfies the conditions in Definition 3.20
and such that FiSp = Fi for all p ∈ π (i = 1,2). Then Fit(F1,F2)⊆Nπ(F1,F2)⊆ Yn(X).
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Proof. Assume the contrary and let G be a group of minimal order contained in
Nπ(F1,F2)\Yn(X). According to Lemma 2.6, G has a unique maximal normal sub-
group N , and G/N ∼= Zp , VN =G, V ∩N =GX, and V = PGX (where V ∈ InjX(G)
and P ∈ Sylp(V ) suitable, p prime). G /∈ Fi , whence GFi < G for i = 1,2, and therefore
p ∈ π .
PGF1GF2 =G: Assume not. PGF1GF2 belongs to Nπ(F1,F2) and GX GFi , hence,
by the choice of G, we obtain V = PGX  PGF1GF2 G (i = 1,2), a contradiction.
PGF1 =G or PGF2 =G, and consequentlyG ∈ F1∪F2 ⊆ Yn(X): Obviously,PGF1 ∈
FiSp ⊆ Nπ(F1,F2) and V  PGFi (i = 1,2). Suppose that PGFi is a proper subgroup
of G for i = 1,2. Then each of the subgroupsGF1 , GF2 , and P is contained in NG(V ). As
shown above, this contradicts the choice of G. ✷
Example 3.22. Let p1,p2,p3 be pairwise distinct primes, and set π = {p1,p2,p3}.
Further, set X=Nπ and F= (G |G/CG(Op1(G)) ∈Sp1)∩Sp3Sp1Sp2Sp1 . Then
Y(n,X) ⊂ Fit(Y(n,X),F)⊆ Yn(X).
In particular,Y (n,X) =Y(n,X)Sπ ′ ⊂ Fit(Y(n,X),F)Sπ ′ ⊆ Yn(X).
Proof. F is a Fitting class such that X is normal in F, but F  Y(n,X): According
to [8, IX, 2.5(b) and 3.6(a)], F is a Fischer class. Assume that F  Yn(X) and let
G be a counterexample of minimal order. According to Lemma 2.6, G has a unique
maximal normal subgroup N , and G/N ∼= Zp, N = QGX , NV = G and V = PGX
(where V ∈ InjX(G), P ∈ Sylp(V ), Q ∈ Sylq(G) for suitable primes p and q). p = p1
for otherwise G ∈ Sp3Sp1Sp2 , contradicting the choice of G. Using [8, IX, 4.12],
we obtain P  CG(Op2(G) × Op3(G)) and consequently CG(Op2(G) × Op3(G)) = G
(for otherwise P  N , a contradiction). Observe that Q  CG(Op(G)) by definition
of F, whence Q  CG(F(G))  F(G) = GX, a final contradiction. According to
Proposition 3.14, Y(n,X) = Fπ ⊆ N3π . Since Zp3  Zp1  Zp2  Zp1 ∈ F\N3π , this implies
FY(n,X).
Put F1 = FitS(Sp2Sp3Sp1,Sp3Sp2Sp1). Then Np1(F1,F2) is a Fitting class con-
tained in Yn(X), and consequently Fit(F1,F) ⊆ Yn(X): F1 ⊆ Sp3Sp2Sp3Sp1 and
Sp3Sp2 ⊆ F, thus G/GF ∈ S{p1,p3} provided that G ∈ F1. Since F ⊆ Sp3Sp1Sp2Sp1
and Sp3Sp1 ⊆ F1, we further obtain G/GF1 ∈S{p1,p2} for G ∈ F. Using [8, IX, 2.1], we
conclude that Np1(F1,F) is a Fitting class containing Fit(F1,F). F, F1 are Fitting classes
contained in Yn(X) (cf. Proposition 3.14), and from the definition and Theorem 2.10(c)
it follows that FSp1 = F and F1 = FitS(Sp2Sp3,Sp3Sp2)Sp1 . Hence Proposition 3.21
yields the assertion.
Fit(Y(n,X),F) ⊆ Fit(Y(n,X),Np1(F1,F2)) ⊆ Yn(X): Put H = Np1(F1,F2). Proposi-
tion 3.14 and Theorem 2.10(c) yield
Y(n,X) ⊆ FitS(Sp3Sp2Sp1S{p2,p3},Sp2Sp3Sp1S{p2,p3})
= FitS(Sp3Sp2Sp1,Sp2Sp3Sp1)S{p2,p3} = F1S{p2,p3}.
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Consequently, G/GH ∈ QS{p2,p3} = S{p2,p3} for G ∈ Y(n,X). Note further that F1 ⊆
Fπ =Y(n,X) and F⊆Sp3Sp1Sp2Sp1 ⊆Y(n,X)Sp1 . Consequently,H⊆ Fit(F1,F)Sp1 ⊆
Y(n,X)Sp1 . Hence G/GY(n,X) is contained in Sp1 provided that G ∈ H. Hence, by
[8, IX, 2.1] and Proposition 3.21 we conclude that Fit(Y(n,X),F) ⊆ Fit(Y(n,X),H) =
N∅(Y(n,X),H)⊆ Yn(X). ✷
4. The dual problem
In this section we study the dual situation, namely the smallest subgroup-closed Fitting
class which is normal in F (provided that it exists), and the family of all F-normal
subgroup-closed Fitting classes (where F denotes a subgroup-closed Fitting class).
Definition 4.1. Let F be a subgroup-closed Fitting class. We set
(a) L(n,F) := {X |X subgroup-closed Fitting class, X is normal in F}.
(b) Y(n,F) :=⋂{X |X subgroup-closed Fitting class, X is normal in F}.
As dual to Theorem 3.2 we prove the following theorem.
Theorem 4.2. Let F be a subgroup-closed Fitting class such thatY(n,F) = 1.
(a) L(n,F) (together with inclusion) forms a complete and distributive lattice. Moreover,
if F is of bounded nilpotent length, L(n,F) is dual atomic and its dual atoms coincide
with the dual atoms of LF, the lattice of all subgroup-closed Fitting classes contained
in F.
(b) A statement corresponding to Theorem 3.2(b) is false, i.e., in general Y(n,F) fails to
determine F uniquely.
(c) In general, L(n,F) is neither atomic nor dual atomic.
Note that by [10, 4.12] (cf. [11, 2.2]) the intersection of F-normal subgroup-closed
Fitting classes is again an F-normal subgroup-closed Fitting class (provided that it is
non-trivial). Moreover, [12, 4.1] yields that the lattice LF of all subgroup-closed Fitting
classes contained in F is distributive and—if F is of bounded nilpotent length—also dual
atomic where F ⊆ HN ⊆ Yn(H) for every dual atom H of LF. Thus, in order to prove
Theorem 4.2(a) it is sufficient to show that FitS(X1,X2) is normal in F for F-normal
subgroup-closed Fitting classes X1,X2 (notice the dual remark in Section 3). For this we
need the following upper bound for the join of subgroup-closed Fitting classes (cf. [12,
3.16]).
Proposition 4.3. Let F1 and F2 be subgroup-closed Fitting classes and let π1 = {p ∈ P |
p | |G/GF1|, G ∈ F2} and π2 = {p ∈ P | p | |G/GF2|, G ∈ F1}. Further let π be a set
containing π1 ∩ π2. Then Sπ (F1,F2) := (G | G/GF1GF2 ∈ Sπ) = Sπ (F1,F2)Sπ is a
subgroup-closed Fitting class containing F1 and F2.
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Proposition 4.4. Let F be a subgroup-closed Fitting class of bounded nilpotent length, and
let X1 and X2 be subgroup-closed Fitting classes. Set X= FitS(X1,X2). Then F⊆Y (n,X)
provided that F⊆Y (n,X1) ∩Y (n,X2).
In particular, FitS(X1,X2) is normal in F provided that X1 and X2 are F-normal
subgroup-closed Fitting classes.
Proof. We prove the assertion by induction on r := l(F), where the case r = 0,1 is
obvious. Thus we assume that r > 1. Set πi = π(Xi ) (i = 1,2) and π = π1 ∪ π2. Further
let F, X, X1, X2 be, respectively, the canonical local definition of F, X, X1, and X2.
Assume that F ⊆ Sπ1∩π2 . [12, 3.3] yields X(p) = FitS(X1(p),X2(p)) for all p ∈ P,
and using Proposition 2.7 we obtain F(p) ∩Nr−1 ⊆ Yn(Xi(p)) for all p ∈ π , i = 1,2.
Consequently, by inductive hypothesis, F(p) ∩ Nr−1 ⊆ Yn(X(p)). Since SpX(p) =
X(p), Lemma 2.5 implies F(p) = Sp(F (p) ∩ Nr−1) ⊆ Yn(X(p)), and the assertion
follows from Proposition 2.7.
Assume that F ⊆ Sπ . F ⊆ Y (n,X1) ∩ Y (n,X2) ∩ Sπ , thus F ⊆ Y(n,X1)S(π ′1∩π) ∩
Y(n,X2)S(π ′2∩π), and consequently F⊆ (G |G=GY(n,X1)GY(n,X2) ). Let G be a group of
minimal order contained in F\Yn(X). According to Lemma 2.6, G has a unique maximal
normal subgroup, thus in particular G ∈ Y(n,X1) ∪ Y(n,X2). Without loss of generality
we assume that G ∈ Y(n,X1). Let N denote the unique maximal normal subgroup of G
and let V ∈ InjX(G). By Lemma 2.6, G/N ∼= Zp for a prime p and V = PGX (where
P ∈ Sylp(G) suitable). [10, 4.12] implies F⊆YX1∩X2S(π1∩π2)′ . Hence G ∈ F ∩Sπ1∩π2
provided that p ∈ π1 ∩ π2. Now, the preceding case gives a contradiction. Thus we
assume that p ∈ (π1 ∩ π2)′ and consequently that Sπ2 is contained in Sp′ (notice that
G ∈Y(n,X1) ⊆Sπ1 ).
According to Proposition 4.3, X is contained in Sπ1∩π2(X1,X2). This implies P 
VX1VX2 and hence P  VX1 =GX1 (observe that p /∈ π2 and that GX1 is an X1-maximal
subgroup of G). Consequently,V N , a contradiction. So, also in this case F is contained
in Y (n,X).
If F is of arbitrary characteristic, then by assumption and Lemma 2.9, F⊆ (F∩Sπ)Sπ ′ .
Consequently—as shown above—F∩Sπ ⊆Y (n,X) and the proof is complete. ✷
Corollary 4.5. Let F, X1, and X2 be subgroup-closed Fitting classes and set X =
FitS(X1,X2). Then F⊆Y (n,X) provided that F⊆Y (n,X1) ∩Y (n,X2).
In particular, FitS(X1,X2) is normal in F provided that X1 and X2 are F-normal
subgroup-closed Fitting classes.
Proof. Theorem 2.10(b) and Proposition 4.4. ✷
Thus L(n,F) also forms a lattice for subgroup-closed Fitting classes F such that Y(n,F)
is non-trivial.
Obviously there are subgroup-closed Fitting classes F such that Y(n,Y) = (1)—for
instance the class N of all nilpotent groups—, and it seems to be difficult to determine
when the intersection of all F-normal subgroup-closed Fitting classes is non-trivial. For
some types of subgroup-closed Fitting classes this can be done.
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Remark 4.6. Let F be a subgroup-closed Fitting class, and let (Xi )i∈I be the family of all
F-normal subgroup-closed Fitting classes.
(a) Suppose there exists a prime p such that SpF = F. Then p ∈ π(Xi ) for all i ∈ I ; in
particular,
⋂
i∈I Xi = 1.
(b) Let |π(F)|<∞. Then the following statements are equivalent:
(i) ⋂i∈I Xi = 1, that is, there exists a unique minimal F-normal subgroup-closed
Fitting class.
(ii) There exist no sets of primes π1, π2 such that π1∩π2 = ∅, F∩Sπ1 = 1 = F∩Sπ2 ,
and F⊆ (Sπ1 ×Sπ2)S(π1∪π2)′ .
Proof. (a) Let Xi be an F-normal subgroup-closed Fitting class. If p /∈ π(Xi ), [8, X, 2.1]
implies Zp G ∈ SpF\Yn(Xi ) for an arbitrary G ∈ Xi . But by assumption, this class is
empty; a contradiction.
(b) (i) ⇒ (ii): Suppose not. Then there exist sets of primes π1, π2 as required above.
Sπi is normal in (Sπ1 × Sπ2)S(π1∪π2)′ , hence 1 = F ∩ Sπi is normal in F (i = 1,2),
a contradiction.
(ii) ⇒ (i): Let Xi1 be an F-normal subgroup-closed Fitting class of minimal charac-
teristic (note that π(F) is finite). Set π(Xi1) = π1. We show that π1 ⊆ π(Xj ) for all
j ∈ I , proving the assertion. Assume, there exists Xi2 such that Xi2 is F-normal and
π1  π(Xi2) =: π2. According to [10, 4.12], F is contained in Yn(Xi1 ∩ Xi2). By the
minimality of π(Xi1), this implies Xi1 ∩Xi2 = 1, and therefore π1 ∩ π2 = ∅.
F⊆ (Sπ1 ×Sπ2)S(π1∪π2)′ : Assume not. Let G be a group of minimal order contained
in F\(Sπ1 × Sπ2)S(π1∪π2)′ . Then G has a unique maximal normal subgroup N ,|G/N | = q , and a unique minimal normal subgroup M , M ∈ Sp (where p and q are
primes, q ∈ π1 ∪ π2). We assume without loss of generality that q ∈ π1. Since G/M
belongs to (Sπ1 ×Sπ2)S(π1∪π2)′ , it follows that G ∈ SpSπ1 . Now, F-normality of Xi1
implies that p ∈ π1. Consequently, G belongs to Sπ1 ; a contradiction. Thus π1 and π2 are
sets of primes violating condition (ii). ✷
Remark 4.7. The hypothesis of finite characteristic in Remark 4.6(b) is necessary.
Proof. Let {p1,p2, . . .} be the set of all primes, and set F = ⋃i∈NSpi . . .Sp1 . Then
Xk =⋃i∈N, ikSpi . . .Spk is F-normal for every k ∈N and ⋂k∈NXk = 1. But evidently,
there are no sets of primes fulfilling the conditions in Remark 4.6(b)(ii). ✷
We will have a closer look to Y(n,F) for subgroup-closed Fitting classes F such that
Y(n,F) is non-trivial.
Remark 4.8. Let F be a subgroup-closed Fitting class, Y=Y(n,F).
(a) AssumeY is non-trivial. Then π(Y)= π(F) if and only if there exists no set of primes
π such that ∅ = π ⊂ π(F) and F⊆SπSπ ′ .
(b) Let Y be non-trivial and set π = π(Y). ThenY=Y(n,F∩Sπ ).
(c) If SpF= F for some prime p, thenSpY(n,F) is normal in F.
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Proof. (a) (⇒) Assume to the contrary that there exists a non-empty set of primes
π ⊂ π(F) such that F⊆SπSπ ′ . Then 1 = F∩Sπ is normal in F (since F∩Sπ is normal
in (F∩Sπ)Sπ ′ ). Consequently, F∩Sπ ⊇Y, a contradiction.
(⇐) Suppose that π(Y)⊂ π(F). Since Lemma 2.9 implies F⊆Y (n,Y) =Y(n,Y)Sπ(Y)′ ,
the set π(Y) fulfills the above conditions; a contradiction.
(b) Y(n,F) = Y(n,F) ∩ Sπ is normal in F ∩ Sπ , and therefore Y(n,F∩Sπ ) ⊆ Y(n,F).
Since F⊆ (F∩Sπ )Sπ ′ and (F∩Sπ )Sπ ′ ⊆ Yn(Y(n,F∩Sπ )), the converse is valid as well.
(c) If π(Y(n,F)) = π(F), then [8, IX, 1.22] yields the assertion. Thus assume that
π(Y(n,F)) ⊂ π(F). According to Remark 4.6, Y(n,F) = 1, hence Remark 4.8(b) yields
Y(n,F) =Y(n,F∩Sπ ) and p ∈ π (where π = π(Y(n,F))). SinceSp(F∩Sπ)= F∩Sπ , the
assertion follows. ✷
We will see later (cf. Corollary 4.12) that Y(n,F) =SpY(n,F) provided that SpF= F.
Remark 4.9. Let F be a subgroup-closed Fitting class. Then, in general, Y(n,F) fails to
define F uniquely.
Proof. Let p1, p2, p3 be pairwise distinct primes, and set π = {p1,p2,p3}. Further,
put F1 = FitS(Sp1Sp2Sp3,Sp3Sp2Sp1) and F2 = FitS(Sp2Sp1Sp3,Sp3Sp1Sp2). Ac-
cording to Proposition 3.14, the class Nπ is normal in Fi (i = 1,2). Moreover, it is easily
seen that each Fi -normal Fitting class is of characteristic π (i = 1,2), and consequently
Y(n,F1) =Y(n,F2) =Nπ . But Proposition 4.3 yieldsF2 ⊆ Sp1(Sp2Sp1Sp3,Sp3Sp1Sp2),
hence Zp1 Zp2 Zp3 ∈ F1\F2. ✷
Remark 4.10. Let F a subgroup-closed Fitting class.
(a) If Y(n,Y(n,F)) = 1, then Y(n,Y(n,F)) = F.
(b) A corresponding statement concerning the dual class does not hold true in general.
Proof. (a) Evidently,Y(n,Y(n,F)) ⊆ F. The converse is given by Proposition 3.6.
(b) Let the notation be as in Remark 4.9 and set F= F1. Then Y(n,F) =Nπ , and F is a
proper subclass of Y(n,Y(n,F)). ✷
As dual to Proposition 3.8 we obtain the following result.
Proposition 4.11. Let F be a subgroup-closed Fitting class such that Y(n,F) = 1 and
π(F)= π(Y(n,F))= π . Let F denote the canonical local definition belonging to F.
(a) Y(n,F) =⋂p∈π Sp′SpY(n,F (p)) ∩Sπ .
(b) If π˜ = {p | F(p) = F}, then Y(n,F) =⋂p∈π˜ Sp′SpY(n,F (p)) ∩Sπ .
Proof. (a) Set X=⋂p∈π Sp′SpY(n,F (p)) ∩Sπ .
(⊆) X = 1, thus it is sufficient to show that X is normal in F. Assume the
contrary and let G be a group of minimal order contained in F\Yn(X). According to
Lemma 2.6, there exists a prime q ∈ π such that Oq ′(G) = 1 and N/Oq(G) ∈ X,
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where N denotes the unique maximal normal subgroup of G. In particular, N belongs to⋂
p∈π\{q}Sp′SpY(n,F (p)) ∩Sπ ∩SqSq ′SqY(n,F (p)). GSqY(n,F(q)) =GX :Oq ′(G)= 1,
hence GX is contained in GSqY(n,F(q)) . Set M = GSqY(n,F(q)) ∩ N . We conclude
that M ∈ ⋂p∈π\{q}Sp′SpY(n,F (p)) ∩ Sπ ∩ SqY(n,F (q)) ⊆ X, and consequently M =
GSqY(n,F(q)) =GX. Remark 4.8(c) implies thatSqY(n,F (q)) is an F(q)-normal subgroup-
closed Fitting class. Let V be an X-injector of G. Since Oq ′(G)= 1, we obtain G ∈ F(q)
whence V = Or(V ) × GX for some suitable prime r = q . This implies CG(GX) = G,
a contradiction.
(⊇) Let H denote the canonical local definition belonging to Y(n,F). According to
Proposition 2.7, H(p) is F(p)-normal, and consequently H(p)⊇Y(n,F (p)) for all p ∈ π .
This yields the assertion.
(b) (⊆) See (a).
(⊇) We prove that ⋂p∈π˜ Sp′SpY(n,F (p)) ∩ Sπ ⊆ ⋂p∈π Sp′SpY(n,F (p)) ∩ Sπ =
Y(n,F). Let G be a group of minimal order contained in
⋂
p∈π˜ Sp′SpY(n,F (p)) ∩
Sπ\Y(n,F). Then G has a unique minimal normal subgroup M , M ∈Sq for some suitable
prime q , and G/M ∈ Y(n,F). If q ∈ π˜ , then G ∈ Sp′SpY(n,F (p)) for all p ∈ π\π˜ and
we obtain a contradiction. Thus, we assume that q ∈ π\π˜ . Since in this case Y(n,F (q)) =
Y(n,F), this implies G ∈⋂p∈π\{q}Sp′SpY(n,F (p)) ∩SqY(n,F (q)) ∩Sπ ⊆Y(n,F), a final
contradiction. ✷
Corollary 4.12. Let F be a subgroup-closed Fitting class and p be a prime such that
SpF= F. ThenY(n,F) =SpY(n,F).
Proof. According to Remark 4.6(a), the class Y(n,F) is non-trivial. Therefore, we may
assume without loss of generality that π(F) = π(Y(n,F)) = π . Since F(p) = SpF = F,
where F denotes the canonical local definition of F, Proposition 4.11(b) yields Y(n,F) =⋂
q∈π\{p}Sq ′SqY(n,F (q))∩Sπ =Sp(
⋂
q∈π\{p}Sq ′SqY(n,F (q))∩Sπ)=SpY(n,F), and
the proof is complete. ✷
Corollary 4.13. Let F be a subgroup-closed Fitting class such that π(Y(n,F))= π(F)= π .
Further, let F be the canonical local definition belonging to F. Then Y , defined by
Y (p)=Y(n,F (p)), is the canonical local definition ofY(n,F).
Proof. According to Proposition 4.11(a), Y(n,F) is locally defined by Y . 1 = F(p) ∩
Y(n,F) is normal in F(p) ⊆ F, hence Y(n,F (p)) ⊆ Y(n,F), and Y is integrated. Corol-
lary 4.12 implies that Y is full, and the proof is complete. ✷
Remark 4.14. (a) Using Proposition 4.11(b), we obtain an explicit description of Y(n,F)
for all classes F=Sπ1 . . .Sπr (where π1, . . . , πr are sets of primes).
The same holds for those classes described in [2].
(b) Let F be a subgroup-closed Fitting class of bounded nilpotent length. If it is possible
to determine the characteristic of Y(n,F) (thus, in particular, to decide whether or not
Y(n,F) is trivial), then by Proposition 4.11(b) there exists an algorithm to give an explicit
description ofY(n,F).
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Remark 4.15. Let F be a subgroup-closed Fitting class such that π(F)= π(Y(n,F)). Ac-
cording to [12, 3.14], F= FitS(Sp1 . . .Spr | p1, . . . , pr primes, Sp1 . . .Spr ⊆ F). Hence,
Y(n,F) ⊇ FitS(Y(n,Sp1 ...Spr ) | p1, . . . , pr primes, Sp1 . . .Spr ⊆ F) =: H according to
Theorem 2.10(b). In general,Y(n,F) ⊃H.
Proof. Let p1, p2, p3 be pairwise distinct primes, and set F = FitS(F1,F2) where F1 =
Sp1Sp2Sp1 and F2 =Sp2Sp1Sp3Sp2 . By [11, 2.7], Y(n,F1) =Sp1Sp2 and Y(n,F2) =
Sp2(Sp1 × Sp3). Consequently FitS(Y(n,F1),Y(n,F2)) = (G | G = GY(n,F1)GY(n,F1) ).
Now, it is easily seen thatZp1 Zp3 Zp2 is a group from F\Yn(FitS(Y(n,F1),Y(n,F2))). ✷
Remark 4.16. Let F be a subgroup-closed Fitting class such that Y(n,F) = 1.
(a) In general, L(n,F) fails to be atomic.
(b) In general, L(n,F) fails to be dual atomic.
Proof. (a) Let F be as described in Remark 4.7. Then it is easily seen that L(n,F) does not
possess any atoms.
(b) Let F =Y(n,N) = FP. It is easily seen, too, that L(n,F) does not possess any dual
atoms. ✷
Remark 4.17. Let F be a subgroup-closed Fitting class such that Y(n,F) = 1 and such that
there exist atoms in L(n,F). Then, in general, the atoms of L(n,F) do not coincide with the
atoms of LY(n,F) , the lattice of all subgroup-closed Fitting classes containingY(n,F).
Proof. Let π = {p1,p2,p3} be a set of pairwise distinct primes. Then Y(n,Nπ ) =
FitS(Spσ(1)Spσ(2)Spσ(3) | σ ∈ S3), and Nπ is the smallest subgroup-closed Fitting class
which is normal in Y(n,Nπ ). It is easily seen that there exist atoms in L(n,Nπ ). But if H
is an atom of LNr such that H ⊆ Y(n,Nπ ), then evidently, H is not normal in Y(n,Nπ )
(note that, according to [12, 4.3], H = Spσ(1) × Spσ(2)Spσ(3) for a suitable permutation
σ ∈ S3). ✷
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